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Abstract
We propose an alternative formulation of the Z2 topological index for quantum spin Hall systems
and band insulators when time reversal invariance is not broken. The index is expressed in terms
of the Chern numbers of the bands of the model, and a connection with the number of pairs of
robust edge states is thus established. The alternative index is easy to compute in most cases of
interest. We also discuss connections with the recently proposed spin Chern number for quantum
spin Hall models.
PACS numbers:
Two dimensional models with time reversal symmetry where momentum space topology
leads to quantized spin Hall responses to external electric fields have recently been proposed
in the presence of Landau levels arising due to a strain gradient [1] and in graphene and
other systems [2, 3, 4]. Kane and Mele [5] have recently introduced a Z2 classification for
these quantum spin Hall models motivated by the observation that two time reversed pairs
of edge states could scatter with each other and localize but the same cannot be said of a
single pair of edge states. They point out that results from twisted real K theory [6] dictate
the presence of a Z2 classification of spin Hall ground states and propose an index, I which
counts the number of points in the Brillouin zone that belong to the “odd subspace” modulo
two.
Though the formulation of the index is for a clean non-interacting system, the topological
invariance suggests robustness of the edge modes of the system against small disorder and
weak interactions, a fact that seems to be borne out by simulations [7], though the gapless
edge states are not stable to multiparticle scattering processes and strong interacions [8, 9].
Kane and Mele’s index I can be evaluated by counting the number of complex zeros of the
Pfaffian function P (k) given by
P (k) = Pf [〈ui(k)|Θ|uj(k)〉]
where Θ is the time reversal operator and ui, uj are the occupied Bloch wavefunctions in
momentum space. The index I is found by evaluating the winding of the phase of P (k)
around a loop enclosing half the Brillouin zone such that only one of k and −k are enclosed
for each k,
I =
1
2pii
∮
C
dk.∇k log(P (k))
Here we propose an alternate Z2 index for time reversal invariant systems where the
square of the time reversal operator is -1, which in the absence of disorder and interactions
is related to the TKNN[10] numbers of the bands in the system. We are thus able to make
a connection with the number of edge modes and gapless excitations in the system.
The Hall conductance of certain tightbinding lattice model is given by the sum of the
Chern numbers of the filled bands in momentum space. If the bands touch, the bands
may exchange Chern numbers but the total Chern number is conserved [11]. The Hall
conductance is thus quantized as long as there is a gap in the excitation spectrum. This
argument can be extended to non interacting systems by expressing the Hall conductance
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as a Berry phase in the space of the parameters which can be used to specify generalized
periodic boundary conditions [12].
In systems with time reversal invariance, the bands come in time reversed pairs with
opposite Chern numbers and the net Chern number is zero. In such systems the Hall
conductance is zero, but a spin Hall response is possible. A number of recent lattice models
have been proposed where a spin quantized response is obtained [2, 3, 4]. It turns out that
these time reversed pairs of bands can exchange Chern numbers. However, there is a Z2
index which remains invariant under band mixing as long as the gap between the ground
states and the excited states does not close. This is the main result of this paper.
The Z2 classification can be analysed in the general case when the ground state has 2p
filled bands (see Appendix). For simplicity, we shall restrict ourselves to the case when p = 1.
A generic four band, time reversal invariant, tight binding Hamiltonian can be written in
momentum space in the form [5]:
H =
5∑
a=1
daΓa +
5∑
a<b=1
dabΓij (1)
where the Γa’s are the matrices defined in [5] and the da’s and dab’s are symmetric and
antisymmetric functions in momentum space as required by time reversal invariance. The
ground state then consists of two bands which map onto each other under time reversal.
The topology of the Brillouin zone for a two dimensional periodic lattice is that of a two
dimensional torus. The bands form a rank two vector bundle on the torus. Time reversal
symmetry leads to an involution on the torus, and on the fibre bundle, the bundle is thus
“twisted” and can be classified using real K theory. They point out that results from twisted
real K theory [6] dictate the presence of a Z2 classification of spin Hall ground states and
propose an index, I which counts the number of points in the Brillouin zone that belong to
the “odd subspace” modulo two.
Consider a two dimensional torus which we divide into five non overlapping regions
A,B,C,D and E as shown in Fig. 1. We take A’, B’, C’, D’ and E’ as regions slightly
larger than these regions and study the transition matrices in the overlaps of these regions.
We are only interested in the topological distinctions between ground states that affect
the spin Hall response and are connected to the number of edge modes in the system. Thus
we are interested in properties associated with the curvature of the Berry phase. For our
purposes, it is sufficient to study the set of vector bundles which are homotopic to the one
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FIG. 1: The two dimensional torus divided into five regions, A, B,C,D and E. The dashed curve
marks the path along which we study the transition matrices
whose transition matrices across the regions, A’, B’ etc. differs from the identity only along
the dashed line marked in the figure. We define the line bundles (1, 0)T and (0, 1)T on the
two regions separated by the dashed curve, (namely the region E and everything outside )
such that the operation of time reversal on an arbitrary vector in these regions corresponds
to the operator iσ2K0φ where K0 is the complex conjugation operator and φ is the involution
operator that takes vectors at k to vectors at −k. We parametrize the dashed curve by the
angle φ ∈ S1, (where S1 is the unit circle), which varies from 0 to 2pi. If we now write
down the transition matrix U(φ) ∈ U(2) in the form eiα(φ)Iein(φ).σω(φ), then time reversal
invariance leads to the condition that
U(φ + pi) = e−iα(φ)Iein(φ).σω(φ) (2)
One can then show (see Appendix) that the set of maps that satisfy the above condition
can be continuously transformed (along with a suitable gauge transformation) either to
the constant map U(φ) = I or to the map U(φ) = e−i
pi
2
Iei(φ+
pi
2
)σ3 (see. When the bands
are distinct, the Chern numbers of the bands correspond to the winding numbers of the
diagonal elements. These then fall into two categories : when the bands carry even Chern
numbers, the ground state is topologically equivalent, ( i.e may be adiabatically continued)
to the state with no edge modes and, when the bands carry odd Chern numbers, the ground
state has atleast one pair of edge modes. In a recent paper [13] the connection between the
bulk topology and gapless excitations at the edges in various systems is discussed.
A similar analysis can be carried out for the case when p 6= 1 (see Appendix) Thus we
are led to define an alternative index, E = 0 for the first case and E = 1 for the second.
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If we then define
C =
∑
cn>0
cn
where n is the band index and cn is the corresponding Chern number and the sum is taken
over the set of bands which have positive Chern numbers, then
E = Cmod 2 (3)
These results can also be understood from a band touching picture. Time reversal invariance
dictates that when time reversed pairs of bands touch, they do so at an even number of
points, and the Chern number exchange is always an even number. However, two sets of
such bands, each with Chern numbers ±1, may touch with the Chern number of each band
after the exchange being zero.
The extension of the TKNN[10] numbers to systems with interactions and disorder is
usally done by expressing the Hall conductance of the bands in terms of the Chern numbers
in the space of the parameters that determine generalized periodic boundary conditions. A
spin Chern number has been recently proposed by extending this idea to spin quantum Hall
systems[7]. Our analysis suggests that while this analysis is useful for the case when the
Hamiltonian of the system can be derived from a Hamiltonian which has a pair of occupied
bands whose Chern numbers are ±1 in the ground state, ( with the rest of the occupied
bands having zero Chern number) it might fail when this is not the case.
APPENDIX
Here we elaborate on the homotopy arguments for the transition functions for both single
and multiple pairs of bands.
It follows from Eq.[2] that if we write U(φ) as a function eiθ(φ)Ig(φ) with θ(φ) ∈ R, g(φ) ∈
SU(2) being continuous functions, they satisfy the condition θ(pi) = −θ(pi) + ppi, g(pi) =
e−ippiIg(0). If p is even, g(p) = g(0) and since pi1(SU(2)) = 0, it follows that the
transition function in this case can be continuously deformed to the constant function,
U(φ) = e
−ippi
2 g(0). When p is odd, then g(pi) = −g(0) and thus g(pi) and g(0) are always
distinct elements for any value of g(0). We can deform an arbitrary function g(φ) which
satisfies this condition to the particluar one, e
−ipφ
2 ei(φ+
pi
2
)σ3 . The constants for both cases
can be eliminated by means of a gauge transformation.
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To make the connection with the Chern numbers of the bands, note that any transition
function which corresponds to bands which have Chern numbers n,−n can be continuously
deformed to the diagonal matrix with entries einφ, e−inφ. It is readily verified that p is equal
to ±n.
If we have N pairs of bands, with the basis in each region again chosen such that the
time reversal operator is JK0φ where J is the matrix whose only nonzero elements are
J(2i, 2i + 1) = −J(2i + 1, 2i) = 1 and K0 the complex conjugation operator as before,
the corresponding condition for the continuous functions θ(φ), g(φ) where the transition
functions is U(φ) = eiθ(φ)g(φ) is that θ(pi) = −θ + ppi
N
, g(pi) = e
−ippi
N Jg(0)J−1. In this case
too there are two classes of transition functions corresponding to topologically equivalent
band structures, depending on whether p is odd or even. The even class consists of
transition functions which can be continuously deformed to the constant function and
the odd class to a a constant multiple of the matrix whose only non zero elements are
U [1, 1] (φ) = eiφ, U [2, 2] (φ) = e−i(φ+pi), U [i, i] = 1, i 6= 1, 2. In this case again, it is easy to
verify that the two classes of vector bundles can be labeled by the Z2 index, E.
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